In this paper we study some interesting properties of the effective superpotential of N = 1 supersymmetric gauge theories with fundamental matter, with the help of the Dijkgraaf-Vafa proposal connecting supersymmetric gauge theories with matrix models.
Introduction
Over the past few years much progress has been made in computing effective superpotentials of N = 1 supersymmetric gauge theories. Motivated by geometric considerations of dualities in string theory [1, 2] , an expression for the quantum effective superpotential was proposed by Dijkgraaf and Vafa. They conjectured that the effective superpotential can be calculated by doing perturbative computation in an auxiliary matrix model [3, 4, 5] , being later proved with perturbative field theory arguments in [6] and by the analysis of the generalized Konishi anomaly in [7, 8, 9] . This proposal provides direct connections between the computations in the matrix model descriptions with those in supersymmetric gauge theories. The proposal was later extended to the addition of matter in the fundamental representation of the gauge group in [10, 11, 12, 13, 14, 15] .
In this paper we will be considering the N = 1 supersymmetric gauge theory with matter in the fundamental representation of the gauge group which can be obtained by deforming the N = 2 gauge theory via the addition of a tree level superpotential. Actually there has been significant work on using the Dijkgraaf-Vafa proposal to get results of N = 2 theories [14, 16, 17, 18, 19, 20, 21] In the case of N = 1 theories with fundamental matter the effective superpotential will have contributions coming from planar diagrams with one boundary, apart from the contribution coming from the planar diagrams with no boundaries [10] . As we will see in the first part of the paper, those contributions to the superpotential can be computed, within the matrix model setup, in terms of traces of certain matrix model operators. We find that those traces should be computed in the pure gauge theory, even to calculate the effective superpotential for theories with flavor. As a direct application of this we will compute the exact superpotential for a N = 1 theory with gauge group SU(N c ) and N f < N c fundamental matter hypermultiplets at the point of the moduli space where a maximal number of monopoles become massless. From the point of view of the underlying Seiberg-Witten curve [22] this correspond to the point where the curve factorizes completely. The moduli that factorizes the Seiberg-Witten curve in the pure gauge theory (no matter) case are well known [23] , and they will be the only ingredient that we need to compute the exact effective superpotential in this case, even though we are considering theories with fundamental matter. We will find that the result for the exact superpotential in this case is remarkably simple. We will also consider the generalization of these results to an arbitrary point of the moduli space with n distinct glueball superfields, by using the techniques developed in [7] to compute traces of operators within matrix models.
The plan of this paper is as follows: in Section 1 we will review briefly the Dijkgraaf-Vafa proposal for N = 1 theories with SU(N c ) gauge group, and N f matter hypermultiplets in the fundamental representation of the gauge group, and we will set up the ingredients that we will need for the calculation of the effective superpotential. In Section 3 we will compute, using the results in Section 2, the exact effective superpotential for N = 1 theories with fundamental matter in the point of the moduli space where a maximal number of monopoles become massless. In section 4 we will extend the analysis of Section 3 to a generic point of the moduli space and show how to compute the effective superpotential in this general case. Finally, in Section 5 we conclude with a summary of the work.
2 The Effective Superpotential of N = 1 Supersymmetric Gauge Theories
In this paper we will be considering an SU(N c ) gauge theory with N f < N c pairs of quark
The Lagrangian density of this theory is given by
where W α is the gauge superfield and the superpotential W is given by
2)
The first term of (2.2) is a polynomial tree level superpotential for the adjoint Higgs field φ and m is the mass matrix for the flavors. Classically at the critical points of this tree level superpotential the gauge group breaks to k SU(N k ) where N k is the number of eigenvalues of the Higgs field φ at the k-th critical point. Quantum mechanically there will be a gluino condensate S k for each of the factors and an effective superpotential for these condensates. In this section we will review the Dijkgraaf-Vafa approach to the computation of the effective superpotential for these condensates as a planar limit of a given matrix models [3, 4, 5] .
Theories With Flavors from Matrix Models
According to the proposal given by Dijkgraaf and Vafa in [3, 4, 5] the effective superpotential of N = 1 gauge theories obtained as a deformation of N = 2 theories by an arbitrary tree level superpotential can be computed using matrix models. In the generalization of this proposal to include fields in the fundamental representation of the gauge group (this case was first considered in [10] ) this superpotential is given by
where the F χ=1,2 are defined through the matrix integral 4) and the superpotential W (Φ, q,q) is given by Eq.(2.2), but replacing the gauge theory fields by matrices (φ, q,q) → (Φ, Q,Q). Following the approach in [15] for the generalization of the Dijkgraaf-Vafa proposal to theories with fundamental matter, Φ will be here a M × M matrix, Q a M × M f matrix andQ a M f × M matrix, where the parameters M, M f are unrelated to the gauge theory parameters N c , N f . Then, introducing the parameters S ≡ g s M and S f ≡ g s M f the dependence of the free energy on the quantities g s , M, and M f can easily be extracted from the topology of the diagrams, and can be written as an expansion in the genus g and the number of quark loops h as
The planar contributions can be found from a large M expansion of the matrix model. All planar diagrams are summed by taking both the rank of the gauge group and the number of flavors to infinity (M, M f → ∞) and (g s → 0), while keeping S = g s M and S f = g s M f finite. From the expansion in (2.5) we see that this limit picks out the genus zero contribution, and also that to reproduce the effective superpotential (2.3) one should consider at most one quark loop and set S f to zero at the end of the calculation (see [15] for details)
Furthermore, as the matter fields in (2.4) appear only quadratically, we can integrate them out. This generates a log(Φ + m) potential for Φ and we are then left with an integral just over Φ [11, 14, 15] 8) and W (Φ) is an arbitrary tree level superpotential
In the following subsection we will show how to deduce some very interesting properties of F χ=2 and F χ=1 with the help of (2.5), (2.7) and (2.8). Those properties will be actually useful to compute the effective superpotential exactly in several cases.
2.2 Properties of the F χ=2 and F χ=1 Contributions to the Superpotential
The F χ=2 and F χ=1 contributions to the effective superpotential can be evaluated perturbatively about an extremal point of the tree level superpotential [16, 20, 14] . From the perturbative expansion it is easy to see that the form of F χ=2 in terms of the glueball superfield remains unchanged when including fundamental matter in the theory. All the explicit dependence in the matter of the hypermultiplets appears in the F χ=1 contribution.
• χ = 2 Contribution
Taking derivatives of the free energy with respect to the parameter g s has been proven to be a useful tool to get non-trivial information about the effective superpotential in the pure gauge group (no matter) case [24] . We will check here that the relation obtained in [24] (see also [25] ) remains unchanged with the addition of matter and we will also see how to use that relation to compute the F χ=2 contribution to the superpotential.
From Eq.(2.5) we can calculate the derivative of the free energy with respect to g s within our setup
As we already mentioned in the previous section the genus zero contribution is obtained by taking the g s = 0 limit and by considering at most one quark loop (S f = 0). Therefore we get that in this limit
Note that the relation (2.11) does not involve any explicit contribution from the matter of the hypermultiplets, as it does not depend on F χ=1 . On the other hand, since in the planar limit the partition function Z of the matrix model is given by (2.7), the free energy is
From the definition of F as a free energy we know that its derivative over a parameter is a vacuum expectation value of the correspondingly coupled operator. Therefore
where we have used the definition of trW (Φ) given by (2.8) . Remember that, as we already mentioned, we are interested on the limit that takes into account just the genus zero contribution (that is, g s = 0 and S f = 0). This means that, once we take that limit, the vacuum expectation value in (2.13) has to be computed as in the pure SU(N c ) theory. Then, comparing (2.11) and (2.13) we get that
where by ... 0 we mean vacuum expectation value in the pure SU(N c ) theory. The relation (2.14) is exactly the same as the one found in [24] for a gauge theory without matter content, and it is therefore a check that the form of F χ=2 in terms of the glueball superfield S remains unchanged with the addition of matter. Also the fact that within matrix models there is a well developed technique to compute vacuum expectation values [7] implies that Eq.(2.14) can be used to compute F χ=2 to all orders in perturbation theory. We will show this explicitly in the following sections.
• χ = 1 Contribution
As we mentioned in the beginning of this section, all the matter dependence that will appear on the effective superpotential will be encoded on the F χ=1 contribution. As in the previous case, we would like to find an expression for F χ=1 involving vacuum expectation values, but taking derivatives of the free energy with respect to the parameter g s does not give us any information about F χ=1 . Nevertheless in our case, contrary to the pure case, we still have another parameter in the theory: S f . If we take a derivative of the free energy F in (2.5) with respect to S f we get
Therefore the genus zero contribution (g s = 0 and S f = 0) will pick out the term
When taking a derivative of (2.12) with respect to S f we get
Therefore in the genus zero limit we have that (by comparing Eq.(2.15) and (2.16))
where the vev is again meant to be computed in terms of the pure SU(N c ) theory. We will show in the following sections how can (2.17) be used to calculate F χ=1 .
Exact Superpotentials for Theories with Flavors in Confining Vacua
As a first application to the relations (2.14) and (2.17) obtained in the previous section we will compute in this section the exact effective superpotential of a certain N = 1 supersymmetric theory. We will consider a N = 1 theory obtained by perturbing a N = 2 supersymmetric by a tree level superpotential SU(N c ) gauge theory with N f matter hypermultiplets, in the point of the moduli space where N c − 1 monopoles become massless. The exact effective superpotential was computed in [17] for a pure gauge theory using the "integrating in" procedure. The addition of fundamental matter was considered in [30] using random matrix models. The method described in this section shows that in order to obtain the exact superpotential with fundamental matter in the maximally degenerating point of the moduli space we just need to compute, within the matrix model formulation, vacuum expectation values of several operators. This is a considerable advantage compared to previous works. As we will see, those vacuum expectation values are very easy to compute in the present case, due to the fact that we just need information about the pure gauge theory, so the actual computation of the exact effective superpotential turns out to be very simple.
Exact Superpotentials for SU (N c ) Theories in Confining Vacua
The quantum moduli space of N = 2 supersymmetric SU(N c ) gauge theories with N f massive flavors is (N c − 1)-dimensional, and it is parametrized by the moduli
At each point of the moduli space, the low energy theory is described by an N = 2 effective theory where the gauge group is broken to U(1) Nc−1 . All the information about hte N = 2 theory is encoded in a particular meromorphic one-form dλ SW defined over an auxiliary curve, the Seiberg-Witten curve [22, 35] 
where P Nc (x, u k ) is the characteristic polynomial of SU(N c ) that is given by
In this section we will be interested in the case where N c − 1 mutually local monopoles condense. This corresponds to a complete factorization of the Seiberg-Witten curve
For the case of pure SU(N c ) the solution to this problem was found in [23] with the help of Chebyshev polynomials. The moduli that factorize the curve in the pure gauge theory case are given by
where the C p 2p are the binomial coefficients 2 . The generalization of (3.4) to the case with matter has been addressed in [30, 32, 31] , and the expressions for the moduli that factorize the curve (3.3) become very complicated compared to the pure gauge theory case. However, for the computation of the exact effective superpotential that we develop in this section, we just need the simple form of (3.4).
One can deform this N = 2 theory to a N = 1 gauge theory by adding a tree level superpotential
The presence of this superpotential will lift the quantum moduli space, characteristic of the N = 2 Coulomb phase, except for the dimension 1 submanifolds, where N c − 1 mutually local magnetic monopoles become massless [22] . In order to compute the exact superpotential in this case it is useful to write Eq.(2.14) in a slightly different way. Let us take the derivative with respect to S, so that we get
Now we have all the information that we need to compute F χ=2 to all orders in perturbation theory. It was found in [1] that the full contribution coming from F χ=2 to the effective superpotential is given by
where the first piece is the Veneciano-Yankielowitz superpotential for pure SU(N c ) super Yang-Mills [26] . Also F pert χ=2 is given by a perturbative expansion in S
Inserting (3.7) and (3.8) in (3.6) we get
We should take now into account the following fact: when one considers a N = 2 theory, the moduli u n are given by u n = 1 n tr(φ n ), where φ is the scalar component of the adjoint N = 1 chiral superfield of the N = 2 vector multiplet. In the Seiberg-Witten approach, the vevs of these operators may be written in terms of integrals over the cycles of the SeibergWitten curve. On the other hand, on the matrix model side the expression for the vevs of the moduli u n was calculated in [20, 14] , and for the case we are considering in this section they are given by
As in the W tree = 0 case we should recover the N = 2 theory, so that the u p in (3.10) should be the same ones as the u p in (3.4). Therefore
Using (3.11) it is easy to see that at the critical point of the superpotential ∂ S W 0 ef f = 0 we get from (3.9)
as implied by the Intriligator, Leigh and Seiberg linearity principle [27, 17] . Also from here we can extract the relation between the glueball superfield S and the scale of the theory Λ at the critical point.
This is the same relation as found in [17] Now at the critical point it is straight forward to obtain from (3.9) and (3.11) that
Using (3.13) we are able to extract from (3.14) the coefficients f χ=2 n (g p ) in a recursive way. Actually, we get the following expression for the F χ=2 to the effective superpotential
2(n + 2)(n + 1)
It is very easy to check that the exact result for the effective superpotential obtained here, and given by Eq.(3.15) coincides with the one obtained in [17] . One just has to substitute the expression for the exact effective superpotential in [17] in the Eq.(3.7) and check that it is fulfilled once one takes into account Eq.(3.11) and Eq.(3.13). The main difference in both expressions for the exact superpotential is that in [17] the dependence of the superpotential in the glueball superfield S is given in an implicit way, whereas here we write that dependence in an explicit way. The results presented here also agree with the ones appearing in [28, 29] for the special cases of quadratic and quartic tree level superpotentials. The expression (3.15) is valid for an arbitrary tree level superpotential. The result in (3.15) is just one part of the effective superpotential. To get the full answer we need now to compute the matter contribution encoded in F χ=1 .
The Matter Contribution
Following the same guidelines as the ones presented in the previous subsection for the computation of W 0 ef f , we can compute the exact form of the F χ=1 contribution to the effective superpotential.
Expanding (2.17) around the critical point at Φ = 0 we have that
If we now take the derivative of (3.16) with respect to the glueball superfield S we find that
where we have used the relation (3.11). Therefore F χ=1 is just given by
Then, using (3.13) we can perform the integral in (3.18) so that we get
If now we want the explicit dependence in the glueball superfield S of F χ=1 in (3.19) we can do it by using (3.13), so that again we can compute the coefficients f χ=1 n (g p , m f ) recursively
Note that the form of the effective superpotential is additive with respect to inclusion of flavors.
Then the final expression for the exact effective superpotential, showing explicitly the dependence on the glueball superfield S for an arbitrary tree level superpotential, is given by
where W 0 ef f is given in (3.15) and F χ=1 in (3.20) . The fact that in the results presented in [30] the dependence on the glueball superfield enters in a highly non-linear way in the equation for the effective superpotential, makes it very complicated to compare both results.
Nevertheless, we can check our result by comparing it with the one obtained in [10] (see also [33] ) for the particular case of a quadratic tree level superpotential, W tree = 1 2 trΦ 2 . For this particular case we have that g 2 = 1, g n = 0, n = 2. Then we just get from (3.15) and (3.20)
As it can be seen from (3.22) we get the same perturbative expansion as the one obtained in [10] by a different procedure (they sum over all the planar diagrams using the results in [34] ). It deserves to be emphasized that the results given in (3.15) and (3.20) gives us the exact effective superpotential for an arbitrary level superpotential in a remarkably simple way. Also note that the dependence of the effective superpotential on the glueball superfield is written explicitly.
Effective Superpotentials in General Vacua
In this section we will explain how to compute the effective superpotential using (2.14) and (2.17) at a general point of the moduli space of the gauge theory. Let us consider that we have a N = 2 supersymmetric gauge theory broken to N = 1 by the addition of a tree-level superpotential W (φ) to the gauge theory
Let us also consider that this tree level superpotential has n non coincident critical points. This will mean that we will have n glueball superfield S i , i = 1, · · · n (one at each critical point). Now we want to use in this case the analysis developed in Section 2 to compute the effective superpotential. For this purpose we have to take into account the fact that the formula (2.14) will now assume the following form 2) according to the fact that that we have n distinct glueball superfields. On the other hand, the formula (2.17) remains unchanged as does not involve derivatives with respect to S. In the case with n glueball superfields, the form of F χ=2 around a critical point located at e i can be written as
where the Veneziano-Yankielowitz part of F χ=2 was calculated in [20] from the matrix model integral. The coefficients F χ=2 m are polynomials of order p in S i . Now introducing (4.3) into (4.2) we get
Also for the matter contribution we have can be computed perturbatively within the matrix model. However we now explain how to compute those coefficients just by using the spectral curve associated with the matrix model. Therefore, in order to compute the effective superpotential we need to compute the vacuum expectation values in (4.4) and (4.5) . Within the matrix model framework these expectation values can be calculated easily following [7] by introducing the resolvent
This resolvent is specified in terms of the loop equation
where f n−1 (z) is an arbitrary polynomial of the order n − 1, and
From the equation (4.7) we read that the resolvent is given by
The values of the glueball superfields at the critical point e i will be specified by the n coefficients of the polynomial f n−1 (x) through the integrals [1] 9) where by A i we denote a cycle enclosing the branch point centered in point e i of the curve y = W ′ (x) 2 + f n−1 (x), where y is the spectral curve associated with the matrix model. Via the resolvent ω(x) one can easily calculate the expectation values of the single trace operators trΦ k like [7] g s trΦ
where A = n i=1 A i . In order to being able to compute vacuum expectation values with the help of (4.10) we will use the parametrization of the polynomial f n+1 that appears in (4.7) given in [36] , that we have found to be very useful, and that is given by 11) Note that this polynomial is of degree n − 1 only, as it should be. Now with the help of (4.11) we can compute S i in terms ofS k and e j by computing the period integral (4.9). This period integral can be computed by reducing the evaluation of the integral to a set of residue calculations. Therefore if we expand the resolvent (4.7) around the pointS k , k = 1, · · · , n, the integral (4.9) over the cycle A i can be performed just by calculating the residues at the point x = e i
where by R i (x) we denote the polynomial R i (x) = j =i (x − e j ). Note that at first order iñ S we have that S i =S i . This will be important later on. Also with the help of (4.11) and (4.10) we can compute g s trW (Φ) using the same procedure. We get that
Now, due to the fact that at first order onS we have that S i =S i , it is easy to see to use (4.12) to rewrite (4.13) in the form (4.4), and extract from there the form of the coefficients F we get 14) where e ij = e i − e j and R i = j =i (e i − e j ), and we have used that ∂ n W (e i ) = (n − 1)∂ n−2 R i (e i ). The result for F χ=2 3
agrees with the one computed in [36] using Whitham hierarchies, and also with the one computed in [20] from a perturbative matrix model point of view. Also note that in the particular case where S j =i = 0 (that is, at the maximally degenerating point) we recover the results computed in the previous section for the coefficient of order three in S.
The coefficients F χ=2 p
give us one part of the effective superpotential. In order to get the matter contribution we need to compute (4.5). Following the same procedure as before we get that
Again with the help of (4.12) it is possible to rewrite (4.15) are given by agrees with the one computed in [20] perturbatively. As in the previous case, also note that if we set S j =i = 0 we recover the results computed in the previous section for the coefficients of order two and three in S. Notice that in this general case, as well as in the confining vacua case, the dependence of F χ=1 on the flavors is additive.
Conclusions
In this paper we have considered the Dijkgraaf-Vafa approach to N = 1 supersymmetric theories with SU(N c ) gauge group and N f < N c matter hypermultiplets in the fundamental representation of the gauge group. Using this approach one can write the F χ=2 and F χ=1 contributions to the effective superpotential in terms of traces of certain matrix model operators (see Eq.(2.14) and Eq.(2.17)). We found that those traces should be actually computed in the pure gauge theory even to calculate the effective superpotential for theories with flavor. This remarkable fact allow us to compute the effective superpotential for theories with fundamental matter in a simple way without the need of performing a perturbative matrix model calculation, and just by computing quantities in the pure gauge theory.
Furthermore, we find that at the point of the moduli space where a maximal number of monopoles become massless Eq.(2.14) and Eq.(2.17) allow us to compute the exact effective superpotential for theories with fundamental matter in a simple way. This maximally degenerating point correspond to the case where the underlying Seiberg-Witten curve factorizes completely. As we already mentioned, the moduli that factorizes the Seiberg-Witten curve in the pure (no matter) case are well known and are given by the simple expression (3.4). Even though we are considering theories with fundamental matter, Eq.(2.14) and (2.17) tell us that those moduli are the only ingredient that we need to compute the exact effective superpotential in this case. We find that the result for the exact superpotential in this case is remarkably simple.
We also considered the generalization of these results to an arbitrary point of the moduli space with n distinct glueball superfields. We found that Eq.(2.14) and (2.17) also allow us to compute the effective superpotential for theories with fundamental matter in that case. To compute the superpotential we just needed the information about the spectral curve y associated with the matrix model, y = W ′ (x) 2 + f n−1 (x), and the techniques developed in [7] to compute traces within the matrix model setup. The method developed in this paper provides a powerful tool to compute effective superpotentials avoiding perturbative matrix model calculations.
